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1. Introduction
Throughout this paper, G is a finite group and Irr(G) is the set of irreducible characters
of G. We are particularly interested in the values these characters take on the identity of G.
If χ ∈ Irr(G), then χ(1) is the degree of χ . The set of all degrees for G is written cd(G)=
{χ(1) | χ ∈ Irr(G)}. If N is a normal subgroup of G and ν ∈ Irr(N), denote by Irr(G|ν)
the set of irreducible characters of G lying over ν and let cd(G|ν)= {χ(1) | χ ∈ Irr(G|ν)}.
For n a positive integer, we denote by π(n) the set of primes that divide n.
One tool to study cd(G) is the graph ∆(G) whose set of vertices is ρ(G), the set of
primes that divide degrees in cd(G), and there is an edge between p and q if pq divides
a for some degree a ∈ cd(G). Note that if N is a normal subgroup of G, then ∆(G/N)
and ∆(N) are subgraphs of ∆(G). The first question that occurs when encountering this
definition is: which graphs can arise in this fashion? Not all graphs can arise since it is
shown in [16] that the number of connected components is at most 3. On the other hand,
most of the evidence seems to indicate that it is quite rare that this graph is not connected.
When G is a solvable group, there is a good understanding of when ∆(G) is
disconnected and which disconnected graphs can occur as ∆(G). For example, Manz
proved in [15] that ∆(G) has at most 2 connected components. Also, under these
hypotheses, there is information about the structure of G. In [17], Manz and Wolf proved
that G has Fitting height at most 4 when G is solvable and ∆(G) is disconnected. Pálfy
showed that each connected component of ∆(G) must be a complete graph (see [18])
and if n is the number of vertices in the smaller connected component of ∆(G), then
the larger connected component must have at least 2n − 1 vertices (see [19]). In [24],
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is disconnected. The first author then refined this result into a necessary and sufficient
condition. The paper [13] contains the first author’s classification of the solvable groups G
where ∆(G) is disconnected.
In this paper, we want to remove the hypothesis that G is solvable. Thus, we will study
groups G where G is not solvable and ∆(G) is disconnected. We begin by studying the
case where G is a nonabelian simple group. If G is a sporadic simple group, then it can be
checked using [3] that ∆(G) is connected. In [16], it is shown that∆(G) is connected when
G∼=An, where An is the alternating group on n letters and n 7. By the classification of
finite simple groups, this leaves only the groups of Lie type. We prove in Theorem 2.1 that
if G is a simple group of Lie type, then ∆(G) is disconnected if and only if G∼= PSL2(q)
for some prime power q  4.
Using the information that we obtain about simple groups, we are able to classify G
when G is not solvable and ∆(G) is disconnected. As we have previously mentioned, we
know that ∆(G) has at most three connected components. In Theorem 4.1, we show that
∆(G) has three connected components if and only if G∼= S ×A, where S ∼= PSL2(2n) for
some integer n 2 and A is an abelian group.
We also can obtain a classification of those groupsG where G is not solvable and ∆(G)
has two components. This is done in Theorem 6.3. We prove that if G is a nonsolvable
group where ∆(G) has two connected components, then G has exactly one nonabelian
chief factor which must be PSL2(q) for some prime power q  4. The groups described
in Theorem 6.3 are the nonsolvable analogs of the groups described in Examples 2.2
and 2.3 of [13]. One can easily combine Theorem 6.3 with the results of [13] to obtain
a classification of all groups G where ∆(G) has two connected components.
2. Degree graphs of simple groups
Our goal in this section is to prove the following theorem.
Theorem 2.1. Let G be a nonabelian simple group. Then ∆(G) is connected unless
G ∼= PSL2(q) for some prime power q . If G ∼= PSL2(q), where q > 5 is an odd prime
power, then ∆(G) has two connected components. If G ∼= PSL2(2n), where n  2, then
∆(G) has three connected components.
It is shown in [16] that ∆(G) is connected if G is a sporadic simple group or an
alternating group of degree at least 7. The results of Lemmas 2.2, 2.4, and 2.5 below show
that ∆(G) is connected if G is a simple group of Lie type and G 
∼= PSL2(q). Finally,
Lemma 2.6 determines the number of components of ∆(G) if G∼= PSL2(q). Note that this
includes the simple groups A5 ∼= PSL2(4)∼= PSL2(5) and A6 ∼= PSL2(9).
The bulk of the work in proving Theorem 2.1 will be to show that if L is a finite simple
group of Lie type and L 
∼= PSL2(q), then ∆(L) is connected. The simple groups L to be
considered are the groups of classical type:
• A(q), 2A(q2), B(q), and C(q) for  2 (and q 
= 2 if = 2),
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and the groups of exceptional type:
• G2(q) for q 
= 2,
• F4(q), E6(q), E7(q), E8(q), 2E6(q2), 3D4(q3),
• 2B2(q2) and 2F4(q2) for q2 
= 2,
• 2F4(2)′,
• 2G2(q2) for q2 
= 3.
We will consider groups of classical type in Section 2.1 and groups of exceptional type in
Section 2.2. Groups of typeA1, i.e., PSL2(q), have disconnected graphs and are considered
in Section 2.3. The other groups explicitly deleted from this list are A2(2), which is
isomorphic to A1(7), 2A2(22) and 2B2(2), which are solvable, and B2(2)= C2(2), G2(2),
and 2G2(3), whose derived subgroupsA1(9), 2A2(32), A1(8) are simple but are considered
elsewhere.
For notation, definitions, and basic properties of groups of Lie type, we refer to [2]. We
will denote by L a finite simple group of Lie type over a field of characteristic p,G will be
a simple linear algebraic group of adjoint type and σ an endomorphism ofG so that the set
Gσ of fixed points is finite and the derived group of Gσ is isomorphic to L. Let (G∗, σ ∗)
denote the dual of (G, σ ), and let T ∗ be a Coxeter torus ofG∗.
2.1. Classical groups
In this section we will assume that G, Gσ , and L are of classical type. Our goal is to
prove the following.
Lemma 2.2. If L is a simple group of classical type and L 
∼= A1(q), then ∆(L) is
connected.
We will prove Lemma 2.2 by finding in each case a set of character degrees such that
every prime dividing the order of L divides one of the degrees in the set, and every degree
in the set has a prime factor in common with a particular degree in the set. The next result
will provide us with a character degree divisible by most of the primes dividing the order
of L.
Lemma 2.3. The group Gσ has an irreducible semisimple character χs of degree
|Gσ |p′/|T ∗σ ∗ |p′ .
Proof. By Theorem 1 of [23], T ∗ contains a regular element s, i.e., an element s such that
CG∗(s)σ ∗ = T ∗σ ∗ . By 13.24 of [4], Gσ has an irreducible character χs of degree
χs(1)= |Gσ |p
′
|C ∗(s) ∗ | ′ ψs(χ)(1),G σ p
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Orders of classical groups
Gσ |Gσ | |T ∗σ∗ | d
A(q),  2 q(+1)/2
+1∏
i=2
(
qi − 1) q+1 − 1
q − 1 (+ 1, q − 1)
2A
(
q2
)
,  2,  even q(+1)/2
+1∏
i=2
(
qi − (−1)i) q+1 + 1
q + 1 (+ 1, q + 1)
2A
(
q2
)
,  2,  odd q(+1)/2
+1∏
i=2
(
qi − (−1)i) q + 1 (+ 1, q + 1)
B(q), C(q),  2 q
2
∏
i=1
(
q2i − 1) q + 1 (2, q − 1)
D(q),  4 q(−1)
(
q − 1) −1∏
i=1
(
q2i − 1) (q−1 + 1)(q + 1) (4, q − 1)
2D
(
q2
)
,  4 q(−1)
(
q + 1) −1∏
i=1
(
q2i − 1) q + 1 (4, q + 1)
where ψs(χ) is a particular character of CG∗(s)σ ∗ = T ∗σ ∗ . This group is abelian, so
ψs(χ)(1)= 1 and the result follows. ✷
Table 1 lists the orders of the groups Gσ and T ∗σ ∗ , and the index d of L in Gσ . The
order of Gσ and d can be found in [3] or [2]. Because G is of adjoint type, G∗ is simply
connected (see [2, p. 120]), and the orders of the Coxeter tori T ∗σ ∗ are given, for example,
in Table I of [6].
It is easily verified that for a classical group L in the list above (in particular,  2 if
L is of type A), the primes dividing |Gσ | and |L| = |Gσ |/d are the same. Also, if µ is
an irreducible constituent of the restriction of χs to L, then χs(1)/µ(1) divides d (see [10,
Corollary 11.29]), and it is easily verified that the primes dividing χs(1) and µ(1) are the
same. The other characters used in the proof of Lemma 2.2 are unipotent characters, and the
degrees of the unipotent characters of Gσ and L are the same (see [2, §12.1]). Therefore,
except in the cases A2(q) and 2A2(q2), where explicit character tables are used, we will
generally consider the groupGσ instead of L.
The degrees of χs and the unipotent characters used in the proof of Lemma 2.2 for
almost all values of  are given in Table 2. We use the notation of [2, §13.8] for the
unipotent characters. In particular, in Table 2,
α =
(
1 − 1
1
)
, β =
(
1 − 2
1 2
)
, γ =
(
1 − 1
−
)
denote symbols and t = 1 if = 4 and t = 0 if  > 4.
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Character degrees of classical groups
Gσ Degree of χs Unipotent degrees
A(q)
∏
i=1
(
qi − 1) χ(2,−1)(1)= q2 (q−2 − 1)(q+1 − 1)
(q − 1)(q2 − 1)
2A
(
q2
)
,  even
∏
i=1
(
qi − (−1)i) χ(2,−1)(1)= q2 (q−2 − 1)(q+1 + 1)
(q + 1)(q2 − 1)
2A
(
q2
)
,  odd
(
q+1 − 1) −1∏
i=2
(
qi − (−1)i) χ(1,1,−1)(1)= q3 (q−1 − 1)(q + 1)
(q + 1)(q2 − 1)
B(q), C(q)
(
q − 1) −1∏
i=1
(
q2i − 1) χα(1)= q3 (q2(−2) − 1)(q2 − 1)
(q2 − 1)2
D(q) (q − 1)
(
q−1 − 1)(q − 1) −2∏
i=2
(
q2i − 1)
χβ(1)= q6 (q
−4 + 1)(q2(−3) − 1)(q2(−1) − 1)(q − 1)
2t (q2 − 1)2(q4 − 1)
2D
(
q2
) −1∏
i=1
(
q2i − 1) χγ (1)= q (q−2 − 1)(q + 1)
q2 − 1
Proof of Lemma 2.2.
Type A. Let L be of type A(q),   2. If  = 2, then q 
= 2, L ∼= PSL3(q), and
|L| = q3(q − 1)2(q + 1)(q2 + q + 1)/d , where d = (3, q − 1). By the character table
of L given in [21], L has characters of degrees (q − 1)2(q + 1) = χs(1), q(q + 1), and
(q − 1)(q2 + q + 1). Therefore, every prime dividing |L| divides one of these degrees,
and, since q 
= 2, all the degrees have prime factors in common with χs(1). Hence ∆(L) is
connected.
We may now assume L is of type A and  3. All primes dividing |Gσ | divide either
χs(1) or χ(2,−1)(1). If  5, then these degrees have a common prime factor and therefore
the graph is connected. If  = 3 or = 4, the degrees do not necessarily have a common
factor, but the unipotent character χ(1,) of degree χ(1,)(1)= q(q−1)/(q−1) has prime
factors in common with both χs(1) and χ(2,−1)(1). Hence the graph is connected for = 3
and = 4, and so for all  2.
Type 2A. Let L be of type 2A(q2). If  = 2, then q 
= 2, L ∼= PSU3(q2), and |L| =
q3(q − 1)(q + 1)2(q2 − q + 1)/d , where d = (3, q + 1). By the character table of L given
in [21], L has characters of degrees (q− 1)(q + 1)2 = χs(1), q(q− 1), and q(q2 − q + 1).
Therefore, every prime dividing |L| divides one of these degrees, and, since q 
= 2, all the
degrees have prime factors in common with the degree q(q−1). Hence∆(L) is connected.
Assume now L is of type 2A,  is even, and   4. All primes dividing |Gσ | divide
either χs(1) or χ(2,−1)(1). If  6, then these degrees have a common prime factor and
therefore the graph is connected. If = 4, the degrees do not necessarily have a common
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has prime factors in common with both χs(1) and χ(2,−1)(1), and the graph is connected
in this case as well.
LetL be of type 2A(q2),  3, and  odd. All primes dividing |Gσ | divide either χs(1)
or χ(1,1,−1)(1). If  5, then these degrees have a common prime factor and therefore the
graph is connected. If = 3, the degrees do not necessarily have a common factor, but the
unipotent character χ(2,−1) = χ(2,2) of degree χ(2,2)(1)= q2(q2 +1) has prime factors in
common with both χs(1) and χ(1,1,−1)(1), hence the graph is also connected in this case.
Type B or C. Let L be of type B(q) or C(q),   2. If  = 2, then q 
= 2, |Gσ | =
q4(q − 1)2(q + 1)2(q2 + 1), and there are unipotent character degrees
χα1(1)= 1
2
q
(
q2 + 1), χα2(1)= 1
2
q(q + 1)2, and χα3(1)= 1
2
q(q − 1)2
corresponding to the symbols
α1 =
(
1 2
0
)
, α2 =
(
0 2
1
)
, and α3 =
(
0 1 2
−
)
.
Because q 
= 2, every prime dividing |Gσ | divides one of these degrees and each of the
three degrees is divisible by p, hence all primes are adjacent to p in the graph and the
graph is connected.
We may now assume L is of type B or C and  3. In this case, all primes dividing
|Gσ | divide either χs(1) or χα(1), and these degrees have a common prime factor, so the
graph is connected.
Type D. Let L be of type D(q),  4. All primes dividing |Gσ | divide either χs(1) or
χβ(1), and these degrees have a common prime factor, so the graph is connected.
Type 2D. Let L be of type 2D(q2),   4. If  = 4, then all primes dividing |Gσ |
divide either χs(1) or the degree χα4(1)= (1/2)q3(q4 + 1)(q2 − q + 1) of the unipotent
character χα4 , where
α4 =
(
1 2 3
0
)
.
These degrees have primes dividing q2 − q + 1 as common factors, hence the graph is
connected.
We may now assume that L is of type 2D(q2) and   5. In this case, all primes
dividing |Gσ | divide either χs(1) or χγ (1), and these degrees have a prime factor in
common, so the graph is connected. ✷
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Orders of exceptional groups
Gσ |Gσ |
G2(q) q6Φ21Φ
2
2Φ3Φ6
F4(q) q24Φ41Φ
4
2Φ
2
3Φ
2
4Φ
2
6Φ8Φ12
E6(q) q36Φ61Φ
4
2Φ
3
3Φ
2
4Φ5Φ
2
6Φ8Φ9Φ12
E7(q) q63Φ71Φ
7
2Φ
3
3Φ
2
4Φ5Φ
3
6Φ7Φ8Φ9Φ10Φ12Φ14Φ18
E8(q) q120Φ
8
1Φ
8
2Φ
4
3Φ
4
4Φ
2
5Φ
4
6Φ7Φ
2
8Φ9Φ
2
10Φ
2
12Φ14Φ15Φ18Φ20Φ24Φ30
3D4
(
q3
)
q12Φ21Φ
2
2Φ
2
3Φ
2
6Φ12
2E6
(
q2
)
q36Φ41Φ
6
2Φ
2
3Φ
2
4Φ
3
6Φ8Φ10Φ12Φ18
2G2
(
q2
)
q6Φ1Φ2Φ4Φ12
2F4
(
q2
)
q24Φ21Φ
2
2Φ
2
4Φ
2
8Φ12Φ24
2B2
(
q2
)
q4Φ1Φ2Φ8
2.2. Groups of exceptional type
In this section,G, Gσ , and L will denote groups of exceptional type, and we will prove
that ∆(L) is connected. We will denote by Φk = Φk(q) the kth cyclotomic polynomial
in q . The order of Gσ for each type may be found in [2, §2.9]. The expressions of these
orders in terms of cyclotomic polynomials are given in Table 3. The index d of L in Gσ is
(3, q − 1) if Gσ =E6(q), (2, q − 1) if Gσ =E7(q), (3, q + 1) if Gσ = 2E6(q2), and 1 in
all other cases.
It is easily verified that the primes dividing |Gσ | and |L| are the same in all cases.
Except in the case of groups of type 2B2, the character degrees used to prove that ∆(L) is
connected are unipotent characters. The unipotent character degrees are the same for Gσ
and L, so we will consider the group Gσ instead of L when Gσ 
= L.
The degrees of the unipotent characters may be found in [2] or [14]. The degrees of those
used in the proof that∆(L) is connected are listed in Table 4, labeled as in [2, §13.9]. (Note
that the degrees used for type 2F4 are listed incorrectly in [2]. The correct expressions for
the degrees are given in [14].)
A proof that ∆(L) is connected for groups of exceptional type analogous to the proof
for the classical groups could be constructed. However, for the exceptional groups, we can
prove the following stronger result.
Lemma 2.4. If L is a simple group of exceptional type, other than type 2B2, over a field of
characteristic p, then every prime in the degree graph is adjacent to p.
Proof. It is easily checked that for the groups G2(q) with q 
= 2, F4(q), E6(q), E7(q),
E8(q), 2E6(q2), and 3D4(q3), each prime dividing the group order divides one of the
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Character degrees of exceptional groups
Gσ Labels Degrees
G2(q) φ2,2 (1/2)qΦ22Φ6
G2[−1] (1/2)qΦ21Φ3
F4(q) φ′8,3 q3Φ24Φ8Φ12
B2, r (1/4)q4Φ21Φ
2
2Φ
2
3Φ
2
6Φ8
E6(q) φ64,4 q4Φ32Φ
2
4Φ
2
6Φ8Φ12
D4,1 (1/2)q3Φ41Φ
2
3Φ5Φ9
E7(q) φ512,12 (1/2)q11Φ72Φ
2
4Φ
3
6Φ8Φ10Φ12Φ14Φ18
E7[ξ ] (1/2)q11Φ71Φ33Φ24Φ5Φ7Φ8Φ9Φ12
E8(q) φ4096,12 (1/2)q11Φ72Φ
4
4Φ
4
6Φ
2
8Φ
2
10Φ
2
12Φ14Φ18Φ20Φ24Φ30
E7[ξ ],1 (1/2)q11Φ71Φ43Φ44Φ25Φ7Φ28Φ9Φ212Φ15Φ20Φ24
3D4
(
q3
) 3D4[−1] (1/2)q3Φ21Φ23
φ2,1 (1/2)q3Φ22Φ
2
6
φ′1,3 qΦ12
2E6
(
q2
) 2A5,1 q4Φ31Φ23Φ24Φ8Φ12
φ′8,3 (1/2)q3Φ42Φ26Φ10Φ18
2G2
(
q2
)
cuspidal
(
1/
√
3
)
qΦ1Φ2Φ4
cuspidal
(
1/
(
2
√
3
))
qΦ1Φ2Φ
′
12
cuspidal
(
1/
(
2
√
3
))
qΦ1Φ2Φ
′′
12
2F4
(
q2
) 2B2[a],1 (1/√2 )qΦ1Φ2Φ24Φ12
ρ2 (1/2)q4Φ28Φ24
character degrees listed in Table 4, and p divides all of the degrees. Recall that G2(2) is
not simple and G2(2)′ ∼= 2A2(32), which was considered along with the classical groups.
LetL be of type 2G2(q2), where q2 = 32m+1 and p = 3. Since 2G2(3) is not simple and
2G2(3)′ ∼= PSL2(8) will be considered in Lemma 2.6, we may assume q2 > 3 and m 1.
We then have (1/
√
3 )q = 3m, √3q = 3m+1, and we can define Φ ′12 = q2 −
√
3q + 1 and
Φ ′′12 = q2 +
√
3q+ 1. Then Φ ′12 and Φ ′′12 are integers and Φ12 =Φ ′12Φ ′′12. Thus by Table 3,
any prime other than p dividing the group order must divide Φ1 · Φ2, Φ4, Φ ′12, or Φ ′′12,
hence will divide one of the character degrees listed in Table 4. Since p also divides these
degrees the result follows in this case.
Let L be of type 2F4(q2), where q2 = 22m+1 and p = 2. The group 2F4(2) is not
simple, but 2F4(2)′ is a simple group not appearing elsewhere in the classification. By
the character table in [3], |2F4(2)′| = 211 · 33 · 52 · 13 and there are characters of degrees
M.L. Lewis, D.L. White / Journal of Algebra 266 (2003) 51–76 59χ2(1)= 26 = 2 · 13 and χ7(1)= 300 = 22 · 3 · 52, hence all primes are adjacent to p = 2
in the graph.
We may now assume L∼= 2F4(q2) with m 1, so (1/
√
2 )q = 2m is divisible by p = 2.
By Table 3, any prime other than 2 dividing the group order must divide one of Φ1 ·Φ2,
Φ4, Φ8, Φ12, or Φ24, hence will divide one of the character degrees listed in Table 4. As 2
divides both of these degrees, the result follows in this case. ✷
The conclusion of Lemma 2.4 is not true for the Suzuki groups 2B2(q2), but we do have
the following.
Lemma 2.5. If L∼= 2B2(q2), where q2 = 22m+1 and m 1, then ∆(L) is connected.
Proof. We have (1/
√
2 )q = 2m and √2q = 2m+1, and we can define Φ ′8 = q2 +
√
2 q+1
and Φ ′′8 = q2 −
√
2q + 1. Then Φ ′8 and Φ ′′8 are integers with Φ8 = Φ ′8 ·Φ ′′8 . By Table 3,
|L| = q4Φ1Φ2Φ ′8Φ ′′8 , and any prime dividing |L| other than p = 2 must divide one of
Φ1 ·Φ2, Φ ′8, or Φ ′′8 .
The character table of L is computed in [22], and the nontrivial degrees are
q4,
1√
2
qΦ1Φ2, Φ8, Φ1Φ2Φ
′
8, and Φ1Φ2Φ
′′
8 .
By considering the last three of these degrees, we see that any two primes dividing |L|
other than 2 are adjacent in the graph. As m 1, so that q2 
= 2, we have (1/√2 )q = 2m
is divisible by 2 and Φ1Φ2 = q2 − 1 is divisible by an odd prime. Hence the degree
(1/
√
2 )qΦ1Φ2 shows that 2 is in the same connected component as all other primes. ✷
2.3. The groups PSL2(q) and their automorphism groups
We will determine here the number of connected components of the degree graph
of PSL2(q) and of ∆(G), where PSL2(q) < G  Aut(PSL2(q)). The character table of
PSL2(q) is easily derived from the character table of SL2(q) found in [5, §38]. We will use
the notation of that table for the characters of PSL2(q).
Lemma 2.6. If G ∼= PSL2(q), where q > 5 is an odd prime power, then ∆(G) has two
connected components. If G ∼= PSL2(2n), where n  2, then ∆(G) has three connected
components.
Proof. If G∼= PSL2(q), where q = pn > 5 is odd, then
cd(G)= {1, q, q + 1, q − 1, (q + -)/2},
where - = (−1)(q−1)/2. Since 2 divides both q+1 and q−1, and (q+-)/2 divides (q+-),
the connected components of ∆(G) are {p} and π(q2 − 1).
If G∼= PSL2(2n), n 2, then cd(G)= {1,2n,2n + 1,2n − 1}. Since 2n + 1 and 2n − 1
are odd and relatively prime, the connected components of ∆(G) are {2}, π(2n + 1), and
π(2n − 1). ✷
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automorphisms of groups of Lie type may be found in [1]. If q = pn, automorphisms of the
field of q elements induce the field automorphisms ofN . The group of field automorphisms
is cyclic of order n, and we denote a generator by ϕ. If p = 2, then Aut(N) = N〈ϕ〉. If
p is odd, then N also has diagonal automorphisms, induced by conjugation by diagonal
matrices. The group of diagonal automorphisms is cyclic, and we denote a generator by δ.
We have that N〈δ〉 ∼= PGL2(q) and |N〈δ〉 : N | = 2. In this case, Aut(N) = N〈ϕ, δ〉 ∼=
PGL2(q)〈ϕ〉. Note that ϕ and δ commute modulo inner automorphisms, so Aut(N)/N is
abelian in any case.
Theorem 2.7. Let N ∼= PSL2(q), where q = pn for a prime p and q > 5. Suppose N <
G Aut(N). If p divides |G : N |, then ∆(G) is a connected graph. If p does not divide
|G :N |, then ∆(G) has exactly two connected components, {p} and π(|G :N |(q2 − 1)).
Proof. If p = 2, then cd(N) = {1, q, q + 1, q − 1} and if p is odd then cd(N) = {1, q,
q + 1, q−1, (q+ -)/2}, where - = (−1)(q−1)/2. Suppose p does not divide |G :N |. Then,
by Corollary 11.29 of [10], the only irreducible characters ofG whose degrees are divisible
by p are those lying over the Steinberg character ψ of N , of degree q . The character ψ is
invariant in Aut(N), hence in G, and therefore extends to G by, for example, Theorem 6.25
of [10]. Since G/N is abelian, Gallagher’s theorem [10, Corollary 6.17] implies that every
character ofG lying overψ is of degree q . Hence if p does not divide |G :N |, then the only
characters of G whose degrees are divisible by p are of degree q , and {p} is a connected
component of ∆(G).
Let p = 2, so that q = 2n and n  3. Then |G| = |G : N |q(q − 1)(q + 1) and
Aut(N)=N〈ϕ〉. Neither the character χ1 of degree q+1 nor θ1 of degree q−1 is invariant
under any nonidentity power of ϕ, hence the stabilizer of both characters is N . Therefore
χ1 and θ1 induce to irreducible characters ofG of degree |G :N |(q+1) and |G :N |(q−1),
respectively. As N <G, |G :N | 
= 1, and all primes dividing |G :N |, q + 1, or q − 1 are
in the same connected component in ∆(G). The only prime possibly not in this component
is p = 2. If p divides |G :N |, then all primes dividing |G| are in this component, and the
graph is connected. If p does not divide |G : N |, then, as noted above, {p} is a separate
connected component.
If q is odd, so q  7, then |G| = (1/2)|G :N |q(q−1)(q+1) and Aut(N)=N〈ϕ, δ〉 ∼=
PGL2(q)〈ϕ〉. The character θ2 of degree q − 1 is invariant under δ, but not under any
nonidentity power of ϕ. Hence the stabilizer of θ2 in G is I =G∩N〈δ〉 =G∩ PGL2(q).
Since I/N is cyclic, θ2 extends to a character θ˜2 of I and then induces to an irreducible
character θ˜G2 of G of degree |G : I |(q − 1). Now |G : I | = |G : N |/|I : N |, and |I : N |
is 1 or 2, hence θ˜G2 (1) is divisible by all primes dividing |G : N | or q − 1, including 2.
An irreducible character of G lying over one of the characters of degree q + 1 must have
degree divisible by q + 1, which is also divisible by 2. Hence all primes dividing |G :N |,
q − 1, or q + 1 are adjacent to 2 in the graph, so are in the same connected component.
The only prime possibly not in this component is p. As before, if p divides |G : N |, then
all primes dividing |G| are in this component and the graph is connected, but if p does not
divide |G :N |, then {p} is another connected component. ✷
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PSL2(5). In this case, the Atlas [3] shows that |Aut(N) :N | = 2, so G= Aut(N), cd(N)=
{1,3,4,5} and cd(G) = {1,4,5,6}. Hence ∆(N) has three connected components and
∆(G) has two. The statement of the theorem is true if N is viewed as PSL2(5), because
then p = 5 does not divide |G : N |. For N viewed as PSL2(4), however, the statement is
false as p = 2 does divide |G : N | and ∆(G) is not connected. The proof of the theorem
is invalid in either case. For N ∼= PSL2(4), there is only one character of degree q + 1 = 5
and it is invariant under ϕ. For N ∼= PSL2(5), there is no character of degree q + 1 = 6.
3. Factor groups and normal subgroups
In this section, G is a group and L is a normal subgroup. We assume that ∆(G) is
disconnected, and we consider the subgraphs ∆(G/L) and ∆(L). In this first lemma, we
show that if G/L is not solvable then ∆(G/L) is disconnected.
Lemma 3.1. Suppose that G is a group and L is a normal subgroup of G so that G/L is
not solvable. Then the intersection of each connected component of ∆(G) with ρ(G/L)
is a nonempty union of connected components of ∆(G/L). In particular, ∆(G/L) has at
least as many connected components as ∆(G).
Proof. Since ∆(G/L) is a subgraph of ∆(G), the intersection of a connected component
of ∆(G) with ρ(G/L) is a union of connected components of ∆(G/L). We need to show
that all such intersections are nonempty. It then follows immediately that ∆(G/L) has at
least as many connected components as ∆(G).
Let π be a set of primes in ρ(G) that yield a connected component of ∆(G) that
has empty intersection with ρ(G/L). We know that G/L has a normal abelian Sylow
p-subgroup for every prime p ∈ π by the Itô–Michler theorem (see [17, Remarks 13.13]).
Thus,G/L has a normal abelian Hall π -subgroupM/L. We can find a character χ ∈ Irr(G)
so that p divides χ(1) for a prime p ∈ π . This implies that (χ(1), |G : M|) = 1, and
χM ∈ Irr(M) by Corollary 11.29 of [10]. Using Gallagher’s theorem, we determine that
χ(1)a ∈ cd(G) for every degree a ∈ cd(G/M). Now, any prime q dividing a divides
χ(1)a. Thus, q is adjacent to p in ∆(G), and we see that q ∈ π . On the other hand,
q divides |G/M| which is not divisible by any prime in π . We conclude that cd(G/M)=
{1} and G/M is abelian. Since M/L is also abelian, G/L must be solvable, which is a
contradiction. Therefore, every connected component of ∆(G) has nonempty intersection
with ρ(G/L). ✷
Corollary 3.2. Suppose that G is a group and L is a normal subgroup of G so that G/L
is not solvable. Let S be a subset of ρ(G/L) containing at least one prime from each
connected component of ∆(G/L). Then each connected component of ∆(G) contains an
element of S.
Proof. Let C be any connected component of ∆(G). By Lemma 3.1, C contains
a connected component of ∆(G/L), hence contains a prime in S. ✷
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Section 2 of [16].
Lemma 3.3. Let G be a nonsolvable group whose degree graph ∆(G) is not connected.
Suppose K is a normal subgroup of G, where G/K is solvable and K has no nontrivial
normal Sylow subgroups. Then ∆(K) is not connected.
Proof. We work by induction on |G|. When G = K , the result is trivial, so we assume
that G >K . Since G/K is solvable, we can find a normal subgroup M containing K so
that |G :M| = p for some prime p. Observe that M is not solvable and |M|< |G|, so if
∆(M) is disconnected, then we obtain the result via the inductive hypothesis. Thus, we may
assume that ∆(M) is a connected graph. Since ∆(M) is a subgraph of ∆(G), this implies
that ρ(M) lies in a single connected component of ∆(G). On the other hand, we know that
ρ(G)⊆ ρ(M)∪ {p}, so the only way that ∆(G) can have two connected components is if
ρ(M) and {p} are the connected components of ∆(G). In particular, we see that p does
not lie in ρ(M).
Let P be a Sylow p-subgroup of G, and note that Q= P ∩M is a Sylow p-subgroup
of M . Since p /∈ ρ(M), it follows from the Itô–Michler theorem that Q is a normal
(abelian) subgroup of M . Now, Q is characteristic in M , and thus, Q is normal in G.
Observe that G/Q is not solvable. By Lemma 3.1, ∆(G/Q) is a disconnected graph.
Also, K ∩Q is a normal Sylow subgroup of K , so we must have K ∩Q= 1. This yields
|G :KQ| = |G :K|/|Q|. If Q> 1, then we may apply the inductive hypothesis to G/Q,
and we obtain the result that ∆(KQ/Q)=∆(K) is disconnected.
We now assume that Q = 1, and we see that P acts coprimely on M . Since |P | =
|G : M| = p, and p ∈ ρ(G), we determine that P acts nontrivially on M . Because the
primes in ρ(M) lie in a different connected component of ∆(G) from p, we deduce that
P must fix every nonlinear irreducible character of M . We apply Theorem A of [11] to see
that M is solvable, which is a contradiction. ✷
We use Lemma 3.3 to classify the nonabelian minimal normal subgroups of a group
with a disconnected degree graph.
Corollary 3.4. Let G be a nonsolvable group where ∆(G) is not connected. Suppose that
K is a minimal normal subgroup of G and that G/K is solvable. Then K ∼= PSL2(q) for
some prime power q  4.
Proof. Since G is not solvable and G/K is solvable, it follows that K is not solvable. This
implies that K is a direct product of copies of some nonabelian simple group. In particular,
K has no nontrivial normal Sylow subgroups, so we may apply Lemma 3.3 to see that
∆(K) is a disconnected graph. It is not difficult to see that we must obtain a connected
graph when we take the direct product of more than one nonabelian group. It follows that
K must be a simple group. By Theorem 2.1, we determine that K ∼= PSL2(q) for some
prime power q  4. ✷
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In this section, we study those groups G where ∆(G) has three connected components.
Our goal is to prove the following theorem.
Theorem 4.1. Let G be a group. Then ∆(G) has three connected components if and only
if G= S ×A, where S ∼= PSL2(2n) for an integer n 2 and A is an abelian group.
We begin with a lemma that is an easy consequence of Corollary 3.4 in this situation.
Lemma 4.2. Let G be a group where ∆(G) has three connected components. Suppose that
K is a minimal normal subgroup of G where G/K is solvable. Then K ∼= PSL2(2n) for
some integer n 2 and G=K ×CG(K).
Proof. Since ∆(G) has three connected components, we see that G is not solvable. By
Corollary 3.4, K ∼= PSL2(q) for some prime power q  4. Let C = CG(K), and observe
that C ∩ K = 1 and C is normal in G. Also, K ∼= KC/C, so G/C is not solvable. We
apply Lemma 3.1 to see that ∆(G/C) has three connected components. We know that
G/C ⊆ Aut(K), and in view of Theorem 2.7 we must have G = KC = K × C. Finally,
we have ∆(K)=∆(G/C) has three connected components, so K ∼= PSL2(2n) for n 2
via Theorem 2.1. ✷
We now consider a perfect group that has a degree graph with three connected
components. We show that the group must be simple.
Lemma 4.3. Suppose that G is a group with G′ = G, and ∆(G) has three connected
components. Then G is simple.
Proof. Let N be a maximal normal subgroup of G. We know that G/N is a nonabelian
simple group, and applying Lemma 3.1, ∆(G/N) has three connected components. By
Theorem 2.1, we see that G/N ∼= PSL2(2n), where n 2 is an integer, and the connected
components of ∆(G/N) are {2}, π(2n − 1), and π(2n + 1). Note that since ∆(G) and
∆(G/N) have the same number of components, Lemma 3.1 implies that a set of primes in
ρ(G/N) is contained in a connected component of ∆(G) if and only if it is contained in
a connected component of ∆(G/N).
Consider a character ν ∈ Irr(N), and let T be the stabilizer in G of ν. We know that
|G : T | divides some degree in cd(G), so the primes dividing |G : T | must lie in a single
connected component of ∆(G), hence lie in a single connected component of ∆(G/N).
Looking at the list of subgroups of PSL2(2n) found in [7, Hauptsatz II.8.27], we see that
the only possibilities for T are T =G or T/N is the semidirect product of an elementary
abelian 2-group of order 2n acted on by a cyclic group of order 2n − 1.
Suppose first that T/N is the semidirect product, and observe that |G : T | = 2n + 1 in
this case. For any character νˆ ∈ Irr(T |ν), we have νˆG ∈ Irr(G) and |G : T | = 2n+1 divides
νˆG(1). Thus, νˆ(1) is relatively prime to |T :N | = 2n(2n− 1), so νˆ is an extension of ν. By
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conclude that T =G, hence G stabilizes every character ν ∈ Irr(N).
If ν does not extend to G, then G/N must have a nontrivial Schur multiplier. From
the Atlas [3], PSL2(2n) has a nontrivial Schur multiplier only if n = 2. In this case,
cd(G/N) = cd(PSL2(4)) = {1,3,4,5}. Also, using the Atlas and ν not extending, we
obtain 6ν(1) ∈ cd(G|ν), which puts 2 and 3 in the same connected component of ∆(G).
This is a contradiction since 2 and 3 lie in different components of ∆(G/N).
Given a character ν ∈ Irr(N), we see that ν extends to χ ∈ Irr(G). By Gallagher’s
theorem, χ(1)a ∈ cd(G) for every degree a ∈ cd(G/N). Therefore, χ(1) = 1 since the
different components of ∆(G/N) must lie in different components of ∆(G). Finally,
G = G′ ⊆ kerχ implies that χ = 1G and ν = 1N . We conclude that N = 1, and G is
simple. ✷
We now prove Theorem 4.1.
Proof of Theorem 4.1. If G = S × A as in the statement of the theorem, then it is
easy to see that ∆(G) has three connected components. Conversely, suppose ∆(G) has
three connected components. Take S to be a normal subgroup of G that is minimal with
respect to G/S being solvable. Since ∆(G) has three components, G is not solvable,
and we must have S > 1. Let L be a normal subgroup of G so that S/L is a chief
factor for G. Observe that G/L is not solvable, so we may apply Lemma 3.1 to see that
∆(G/L) has three connected components. By Lemma 4.2, S/L ∼= PSL2(2n) for some
integer n  2 and G/L = S/L × A/L, where A/L = CG/L(S/L). For ∆(G/L) to be
disconnected, A/L must be abelian. It follows that ∆(G/L) = ∆(S/L), and the three
connected components of ∆(G) intersect ρ(S/L) nontrivially. Thus, ∆(S) is a subgraph of
∆(G) that contains representatives of each connected component of ∆(G). It follows that
∆(S) has three connected components. By the minimality of S, we see that S = S′, and we
apply Lemma 4.3 to determine that S is simple. This implies L= 1 and G= S ×A. ✷
5. Group actions with large stabilizers
In order to classify groups whose degree graphs have two connected components, we
make a digression to study a particular type of group action. The lemmas in this section
were motivated by Lemma 4 of [24]. These all involve the following situation. Suppose
a group G acts on a group V and a Sylow p-subgroup of G acts nontrivially on V .
Furthermore, for every nonidentity element v ∈ V , we assume that CG(v) contains a Sylow
p-subgroup of G as a normal subgroup (for the same prime p). In Lemma 4 of [24],
it is proved that V is an elementary abelian r-group for some prime r and that G acts
irreducibly on V . We will view V as a vector space over the field of r elements, and so we
use addition for the group operation of V . Following Zhang’s proof, we define the set
X = {CV (P ) ∣∣ P ∈ Sylp(G)}.
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subgroup of G, and so v will be contained in a unique element ofX . Furthermore, it is easy
to see that there is a bijection between X and Sylp(G) that commutes with the action of G.
We conclude that G acts transitively on X . It follows that all the sets in X have the same
size. Counting the number of nonidentity elements in V , we see that |V |−1 = |X |(|U |−1)
for some U ∈ X . (In the literature, X is called an equal partition of V . For information on
equal partitions, we refer the reader to [9].)
Lemma 5.1. Suppose that G acts via automorphisms on a group V and that a Sylow
p-subgroup of G acts nontrivially for a given prime p. Assume for every nonidentity
element v ∈ V that CG(v) contains a Sylow p-subgroup of G as a normal subgroup. If
P ∈ Sylp(G), then NG(P) acts irreducibly on CV (P ).
Proof. Fix P ∈ Sylp(G), and write N = NG(P) and U = CV (P ). It is easy to see that
N = {g ∈G |Ug =U}, and so N acts on U . Suppose X <U is invariant under the action
of N . Let W = {v ∈ V | vg ∈ X for some g ∈ G}. Then W is invariant under the action
of G. Suppose w is a nontrivial element of W ∩U . This implies wg ∈X for some g ∈G.
Now, wg ∈ U ∩Ug , and since X is a partition, U =Ug . It follows that g ∈N , and as X is
invariant under the action of N , we conclude that w ∈X. We have shown that W ∩U ⊆X.
It is clear that X ⊆W ∩U , and hence W ∩U =X. This implies W <V , which implies W
is trivial since G acts irreducibly on V . We conclude that N acts irreducibly on U . ✷
Lemma 5.2. Let q be a power of some prime p. Suppose that a group G acts faithfully via
automorphisms on a group V . Assume that |Sylp(G)| = q + 1, and for every nonidentity
element v ∈ V , the centralizer CG(v) contains a unique Sylow p-subgroup of G. Then V
is an elementary abelian p-group of order q2. If G∼= SL2(q), then G acts transitively on
the nonidentity elements of V . If p is odd, then G 
∼= PSL2(q).
Proof. Since q+ 1> 1, it follows that G has nontrivial Sylow p-subgroups, and as G acts
faithfully on V , these Sylow subgroups act nontrivially. From above, we know that V is an
elementary abelian r-group for some prime r . We now fix a Sylow p-subgroup P , and we
set U = CV (P ). Also, we have positive integers a and b so that |V | = ra and |U | = rb. As
we saw before Lemma 5.1,
ra − 1 = |V | − 1 = |X |(|U | − 1)= (q + 1)(rb − 1)= qrb + rb − q − 1.
Adding 1 to both sides of this equation, we obtain ra = qrb + rb − q , and it follows
that r must divide q . Since q is a p-power, we see that r = p. Let q = pc , so we have
pa = pb+c +pb −pc. Now, pb+c+pb −pc will be a p-power if and only if b = c. When
this occurs, we have a = b+ c= 2c, and |V | = pa = p2c = q2.
Suppose now that G is either SL2(q) or PSL2(q). Take H to be a p-complement of
NG(P). We know that H is a cyclic group, and the order of H is q − 1 if G is SL2(q) or
(q − 1)/2 if q is odd and G is PSL2(q). We see that H acts on U . Since P centralizes U
and U is irreducible under the action of NG(P)=HP by Lemma 5.1, H acts irreducibly
on U .
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so U ∩Ug is trivial. It follows that |U +Ug | = q2, and thus, V =U +Ug is a direct sum.
Now, CG(U) = PCH (U) and PgCH(Ug) = CG(Ug) = Pg(CH (U))g , so CH(Ug) and
(CH(U))g have the same size. Because H is cyclic, we conclude that CH(Ug)= CH(U).
Now, CH(U) centralizes both U and Ug , and this implies that CH(U) acts trivially
on V . Thus, CH (U)= 1 since G is faithful, and H acts faithfully on U . For any element
1 
= h ∈H , we have U = [U,h] + CU(h) is a direct sum by Fitting’s lemma. Since 〈h〉 is
normal in H , we see that [U,h] is H -invariant. Because U is irreducible under the action
of H and [U,h] is nontrivial, we have U = [U,h] and CU(h) = 0. We conclude for any
nontrivial element x ∈ U that CG(x)= P . Since each element of V is conjugate to some
element of U , we see that the centralizer in G of every nontrivial element of V is a Sylow
p-subgroup. When G∼= SL2(q), we have |G : P | = q2 − 1 = |V | − 1, and we see that G
acts transitively on the nonidentity elements of V .
Suppose p is odd and G∼= PSL2(q). We know there is a dihedral subgroup D of G so
that H ⊆D and |D :H | = 2. Let d ∈D be an involution that does not lie in H . Observe
that d /∈ NG(P), so Ud 
= U . Fix a nontrivial element x ∈ U . Then x + xd ∈ V − U and
(x + xd)d = xd + xd2 = x + xd . It follows that d ∈ CG(x + xd), but x + xd is a nontrivial
element of V so its centralizer in G must be a Sylow p-subgroup. This is a contradiction
since p is odd. Therefore, G 
∼= PSL2(q) when p is odd. ✷
Lemma 5.3. Let f  2 be an integer, and let π be either the set of primes dividing 2f − 1
or the set of primes dividing 2f + 1. Suppose that G= SL2(2f ) acts via automorphisms
on a group V . Then there is a nonidentity element x ∈ V so that CG(x) does not contain
a Hall π -subgroup of G as a normal subgroup.
Proof. We suppose that the lemma is not true, and we work for a contradiction. Thus, we
are assuming for every nonidentity element v ∈ V that CG(v) contains a Hall π -subgroup
of G as a normal subgroup. Let p ∈ π , and define X as before Lemma 5.1. As we have
seen, V is an elementary abelian r-group for some prime r . We know that the Hall π -
subgroups of G are cyclic and have the trivial intersection property. Thus, containment is a
bijection between Hall π -subgroups of G and Sylow p-subgroups. It is easy to show that
X = {CV (H) | H ∈ Hallπ (G)}. Fix P ∈ Sylp(G) and write H for the Hall π -subgroup
containing P . Write U = CV (P ) = CV (H). We know that N = NG(P) = NG(H) is a
dihedral group with |N : H | = 2. We see that |X | = |Hallπ(G)| = |G : N | is divisible
by 2f−1. We saw before Lemma 5.1 that |X | divides |V | − 1, and so |V | is odd. It follows
that r 
= 2. By Lemma 5.1, we know that N acts irreducibly on U . Since H centralizes U ,
we see that |N : CG(U)| divides 2, and this implies |U | = r . It follows that X is the set
of cyclic subgroups of V . If u is a nonidentity element of U and 1  n < r is an integer,
then it is not difficult to see that CG(u)= CG(n · u). Since U is cyclic and all the orbits of
the action of G on V intersect U , we conclude that |CG(v)| = |CG(u)| for all nonidentity
elements v ∈ V .
Let t ∈G be an involution. By Fitting’s lemma, we have V = CV (t)+ [V, t] is a direct
sum. Fix v to be a nonidentity element of [V, t]. Observe that [V, t] is invariant under the
action of t , so vt ∈ [V, t]. Now, (v + vt )t = vt + vt2 = v + vt , and v + vt ∈ CV (t). Since
CV (t) ∩ [V, t] = 0, we deduce that v + vt = 0, and thus, t inverts every element of [V, t].
M.L. Lewis, D.L. White / Journal of Algebra 266 (2003) 51–76 67In particular, t stabilizes every cyclic subgroup of [V, t]. If V = [V, t], then t is in the
kernel of the action of G on X . Since G is simple and acts nontrivially on X , this is a
contradiction. Without loss of generality, t centralizes some nonidentity element u ∈ U ,
and CG(u)=N . Since t cannot be in the kernel of the action of G on V , there must exist a
nonidentity element w ∈ [V, t]. By the last paragraph, CG(w) is conjugate to CG(u). Let
W = 〈w〉 ∈ X , and note that t stabilizes W . We know there is an element g ∈ G so that
W = Ug . Observe that Ng = {h ∈ G |Wh =W }. It follows that t ∈ Ng and t /∈ CG(w).
This is a contradiction since CG(w)⊆Ng , and |Ng | = |N | = |CG(u)| = |CG(w)|. ✷
6. Graphs with two connected components
In this section, we work to classify G when G is not solvable and ∆(G) has two
connected components. The next lemma is the equivalent of Lemma 4.2 for groups whose
degree graphs have two connected components.
Lemma 6.1. Suppose that G is a group where ∆(G) has two connected components, and
K is a normal subgroup of G so that K ∼= PSL2(q) for a prime power q  4 and G/K is
solvable. Then CG(K)⊆ Z(G) and G/K is abelian.
Proof. Let C = CG(K). Observe that C ∩ K = 1 and C is normal in G. Thus, KC =
K ×C is a normal subgroup of G, and K ∼=KC/C, so G/C is not solvable. If G=KC,
then G=K×C. Since ∆(G) has two connected components, we see that C is abelian and
thus, C ⊆ Z(G).
We assume that G > KC. By Lemma 3.1, we know that ∆(G/C) is disconnected. If
q > 5, let p be the prime dividing q . For the remainder of this proof, we define p = q = 5
if K ∼= PSL2(4)∼= PSL2(5). By Theorem 2.7 and Remark 2.8, the connected components
of ∆(G/C) are {p} and π((q2 − 1)|G :KC|), and p does not divide |G :KC|.
Let ψ ∈ Irr(K) be the Steinberg character of K , so ψ(1) = q . We can also find
θ ∈ Irr(K)with θ(1)= q−1. Consider any characterµ ∈ Irr(C), and let T be the stabilizer
of µ in G. Observe that anything that stabilizes either ψ × µ or θ × µ must stabilize µ,
so T contains the stabilizers of ψ × µ and θ × µ. It follows that |G : T |µ(1)ψ(1) and
|G : T |µ(1)θ(1) both divide degrees in cd(G). Recall that the primes dividing ψ(1) and
θ(1) lie in different connected components of ∆(G/C), and by Lemma 3.1, they must lie
in different components of ∆(G). It follows that both |G : T | = 1 and µ(1)= 1. We have
shown that every irreducible character of C is linear and invariant in G, which implies
C ⊆ Z(G).
We know that ψ extends to ψ × 1C on KC, and ψ × 1C is invariant in G. Notice
that the determinant of ψ × 1C is 1C , so we may apply Corollary 8.16 of [10] to see that
ψ×1C extends to G. It follows thatψ extends to G. By Gallagher’s theorem, we know that
ψ(1)a ∈ cd(G) for all a ∈ cd(G/K). By Itô’s theorem, the degrees in cd(G/K) all divide
|G :KC|, and we know that no prime divisor of |G :KC| is adjacent to p. It follows that
G/K is abelian. ✷
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We obtain a classification of such groups. This theorem includes most of the work in
classifying all nonsolvable groups whose degree graphs have two connected components.
In part 3 of this theorem, we have not been able to determine whether G splits over L
when q is even. There is evidence that a nonsplit extension exists whenever q = 2n  8,
but we have not been able to construct this extension or compute its character degrees. Our
conjecture is that the degree graph of this extension will have two connected components.
Theorem 6.2. Suppose that G is group where G = G′ and ∆(G) has two connected
components. Then one of the following occurs:
(1) G∼= PSL2(q) for an odd prime power q > 5,
(2) G∼= SL2(q) for an odd prime power q  5, or
(3) G has a normal subgroup L so that G/L ∼= SL2(q) for some prime power q  4,
L is elementary abelian of order q2, and G/L acts transitively on the nonprincipal
characters in Irr(L). If q is odd, then G splits over L.
Proof. Let N be a maximal normal subgroup of G. Since G = G′, we know that G/N
is a nonabelian simple group. By Lemma 3.1, ∆(G/N) is not connected, and from
Theorem 2.1, it follows that G/N ∼= PSL2(q) for some prime power q  4. If N = 1, then
G∼= PSL2(q). Since ∆(G) has two components, we see that q > 5 is odd via Theorem 2.1.
Thus, we may assume that N > 1.
Let p be the prime that divides q . We know that ρ(G/N)= {p} ∪π(q − 1)∪π(q + 1),
and π(q − 1) is contained in a single component of ∆(G/N), as is π(q + 1). We now
choose a distinguished connected component π of ∆(G).
If p is odd and q > 5, then 2 divides both q− 1 and q+ 1, so π(q− 1) and π(q+ 1) lie
in the same connected component of ∆(G). We define π to be the connected component of
∆(G) not containing π(q− 1)∪π(q+ 1). Observe that π(q− 1)∪π(q+ 1)⊆ ρ(G)−π ,
so by Lemma 3.1, π ∩ ρ(G/N)= {p}.
If p = 2 and q > 4, we know that two of {2}, π(q − 1), and π(q + 1) must lie in the
same connected component of ∆(G) (since ∆(G) has two components). We take π to
be the component containing 2 when π(q − 1) and π(q + 1) lie in the same component
of ∆(G). We take π to be the component containing π(q − 1) when 2 is in the same
component of ∆(G) as π(q + 1), and we take π to be the component containing π(q + 1)
when 2 is in the same component of ∆(G) as π(q − 1).
When G/N ∼= PSL2(4) ∼= PSL2(5), there is ambiguity on the value of q . In this case,
ρ(G/N)= {2,3,5} and, by Lemma 3.1, two of these primes are in one component of∆(G)
and the third, call it p0, is in the other component. Define π to be the connected component
of ∆(G) containing p0. We adopt the convention that if p0 is 2 or 3, then q = 4, and if
p0 = 5 then q = 5.
Claim 1. There exists L normal in G so that G/L∼= PSL2(q) or G/L∼= SL2(q), and 1L
is the only G-invariant linear character of L and the only character in Irr(L) that extends
to G.
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PSL2(q) or G/L ∼= SL2(q), and 1L is the only G-invariant linear character of L. If
γ ∈ Irr(L) extends to G, then by Gallagher’s theorem, γ (1)q , γ (1)(q−1), and γ (1)(q+1)
all lie in cd(G) if q > 5, and γ (1)4, γ (1)3, and γ (1)5 all lie in cd(G) if q = 4 or 5.
Since p, π(q − 1), and π(q + 1) do not all lie in the same connected component of ∆(G)
when q > 5, nor do 2, 3, and 5 when q = 4 or 5, we must have γ (1)= 1, and we see that
γ = 1L. We conclude that 1L is the only character in Irr(L) that extends to G.
We now find a normal subgroup L so that G/L∼= PSL2(q) or G/L∼= SL2(q), and 1L
is the only G-invariant linear character of L. If 1N is the only G-invariant linear character
of N , then take N = L, and we are done since G/L∼= PSL2(q).
Suppose 1N 
= ν ∈ Irr(N) is a G-invariant linear character. If µ ∈ Irr(G) is an extension
of ν, then G=G′ ⊆ kerµ, and µ= 1G, which is a contradiction. Thus, ν does not extend
to G. Take L= kerν, and observe that L is normal in G. Since [G,N] ⊆ L, N/L is central
in G/L. It follows that G/L is a central extension of G/N (as defined in [10, Chapter 11]).
By Corollary 11.20(a) of [10], N/L is isomorphic to a subgroup of the Schur multiplier
of G/N . When q 
= 9, the Schur multiplier has order at most 2. When q = 9, the Schur
multiplier has order 6, and ∆(G/N) has two components: {3} and {2,5}. If 3 divides
|N : L|, then using the Atlas [3], we see that 6 ∈ cd(G). This puts 2 and 3 in the same
component of ∆(G), contradicting Corollary 3.2. Therefore, in all cases, |N/L| 2.
Since N/L has a nontrivial character, |N/L| = 2. The Schur multiplier of PSL2(2n) is
trivial if 2n > 4, hence q is odd if q > 5. If G/N ∼= PSL2(4)∼= PSL2(5) and |N/L| = 2,
there is a character ofG of degree 6, so 2 and 3 are in the same component of ∆(G), and by
our convention, q = 5. In any case, q is odd and it is not difficult to see that G/L∼= SL2(q).
Suppose λ ∈ Irr(L) is a G-invariant linear character. If q 
= 9, then the Schur multiplier
of G/L is trivial. This was proved in [20]. (A modern discussion of this fact can be found
in [12].) Therefore, λ must extend to G. When q = 9, the Schur multiplier of G/L has
order 3, and working as above, we see that λ must extend to G. In any case, λ extends to
a linear character of G. Since the only linear character of G is the principal character, we
conclude that λ= 1L. This proves that 1L is the only G-invariant linear character of L. ✷
If L = 1, then G= G/L, and either conclusion (1) or conclusion (2) holds. Thus, we
assume that L> 1. In Claim 1, we showed that there are relatively few characters in Irr(L)
that are G-invariant. In the next claim, we show that the stabilizer of a character in Irr(L)
almost always contains a unique Hall π -subgroup ofG/L. Also, note that if the exceptional
case occurs, then the stabilizer will contain a Hall π -subgroup of G/L. We will later see
that the exceptional case does not actually occur, but to show that will require additional
information that we do not have at this time.
Claim 2. Suppose the character λ ∈ Irr(L) is not G-invariant and T is the stabilizer
of λ in G. If T/L does not contain a Hall π -subgroup of G/L as a normal subgroup,
then G/L ∼= SL2(4), p0 = 3 so q = 4, and T/L ∼= A4. In this case, if A/L is the Sylow
2-subgroup of T/L, then λ is fully ramified with respect to A/L.
Proof. We know that |G : T | divides all the degrees in cd(G|λ), so either |G : T | divides
|G : L|π or |G : T | divides |G : L|π ′ . Suppose first that |G : T | divides |G : L|π . Observe
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q + 1 with q  4, then one of the following occurs:
(1) q = 5, |G : T | = 5, and T/L∼=A4,
(2) q = 7, |G : T | = 7, and T/L∼= S4,
(3) q = 9, |G : T | = 6, and T/L∼=A5, or
(4) q = 11, |G : T | = 11, and T/L∼=A5.
In cases (1), (2), (4), and the case where |G : T | = q + 1, T/L is a nonabelian Hall
π ′-subgroup of G/L. This follows from Dickson’s list of the subgroups of PSL2(q)
[7, Hauptsatz II.8.27] in the case where |G : T | = q + 1, and is obvious in the other three
cases. Consider a character µ ∈ Irr(T |λ). We know that |G : T |µ(1) ∈ cd(G). It follows
that µ(1) is divisible only by primes in π . Thus, µ(1) is relatively prime to |T : L|, and
µL = λ. We have now shown that every character in Irr(T |λ) is an extension of λ. By
Gallagher’s theorem, we conclude that T/L is abelian, which is a contradiction.
The only remaining possibility is case (3). In that case, |G : T | = 6 implies there is
a character of G whose degree is divisible by 6. Thus 2 and 3 are in the same component
of ∆(G). We know that 2 and 5 are adjacent in ∆(G/L), hence ρ(G/L) = {2,3,5} is
contained in one component of ∆(G), contradicting Lemma 3.1. Therefore, case (3) does
not occur and we have that |G : T | does not divide |G :L|π .
Now |G : T | must divide |G : L|π ′ . Note that π ∩ ρ(G/L) is one of {p}, π(q − 1),
or π(q + 1). If p ∈ π , then a Hall π -subgroup of G/L is a Sylow p-subgroup, and we
know that T/L contains a full Sylow p-subgroup of G/L. Since λ is not G-invariant, T is
a proper subgroup of G. Looking at Dickson’s list of subgroups, we see that any proper
subgroup of G/L containing a full Sylow p-subgroup must contain that Sylow p-subgroup
as a normal subgroup. Therefore, T/L contains a unique Sylow p-subgroup of G/L.
Suppose now that p /∈ π . We see that p = 2. If T/L is cyclic or dihedral, then T/L
contains a unique Hall π -subgroup of G/L. By Dickson’s list of subgroups, the other
possibilities for T/L are (1) T/L∼= SL2(2e), where q = (2e)2, or (2) T/L is the semidirect
product of a cyclic group of order q − 1 acting on an elementary abelian group of order q .
Suppose first that T/L is as in (1). Observe that |G : T | = 2e(q + 1) and thus,
π ∩ ρ(G/L) = π(q − 1). If λ extends to T , then via Gallagher’s theorem, we have
λ(1)(2e+1) ∈ cd(T |λ). This implies λ(1)(2e+1)|G : T | = λ(1)(2e+1)2e(q+1)∈ cd(G).
Since 1 < 2e + 1 divides q − 1 = (2e − 1)(2e + 1), this contradicts the fact that 2 and
π(q + 1) lie in a different component of ∆(G) from π(q − 1). When λ does not extend
to T , we see that e= 2 since SL2(2e) has a trivial Schur multiplier when e 
= 2. Note that
q = 16 and |G : T | = 4 · 17. Also, π ∩ ρ(G/L)= {3,5} = π(q − 1). Using the Atlas [3],
we find that 6λ(1) ∈ cd(T |λ), and 6λ(1)4 · 17 ∈ cd(G). This violates the fact that 3 is in
a different component of ∆(G) than 2 and 17 = q + 1, therefore (1) does not occur.
We are left with case (2), that T/L is the semidirect product of cyclic group of order
q − 1 acting on A/L, an elementary abelian 2-group of order q . Note that if Q/L is
a Sylow subgroup of T/L for an odd prime, then Q/L is cyclic, so λ will necessarily
extend to Q. If λ extends to A, then λ will extend to T via Theorem 6.26 of [10]. Since
q − 1 ∈ cd(T /L), we obtain λ(1)(q − 1) ∈ cd(T |λ) via Gallagher’s theorem. This yields
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different components of ∆(G). We deduce that λ does not extend to A.
It is easy to see that T/A acts irreducibly on A/L. Using Problem 6.12 of [10], one can
see that λ must be fully ramified with respect to A/L. In particular, we know that q = (2e)2
for some integer e. By Theorem 5.7 of [8], |T : A| = q − 1 must divide either 2e + 1 or
2e − 1. The only way q − 1 = (2e − 1)(2e + 1) can divide either 2e − 1 or 2e + 1 is if
2e − 1 = 1, hence e = 1 and q = 4. Now, we have G/L∼= SL2(4) and since 2 /∈ π , by our
convention, p0 = 3. Notice that T/L is isomorphic to A4, so the result holds. ✷
Claim 3. L′ <L.
Proof. Suppose that L′ = L. Since L > 1, we can find K normal in G so that L/K
is a chief factor for G. We know that L/K = S1/K × · · · × Sn/K , where there is a
nonabelian simple group S so that Si/K ∼= S for 1  i  n. Furthermore, we know that
G acts transitively on the set {Si | i = 1, . . . , n}.
Suppose n > 1, so that NG(Si) <G. Fix a nontrivial character ϕ ∈ Irr(S). We can view
the character ϕ × 1 × · · · × 1 ∈ Irr(L/K), and let T1 be the stabilizer of this character
in G. We know that T1 ⊆ NG(S1). Assume that T1/L contains a unique Hall π -subgroup
H/L of G/L. Since NG(S1) < G, we can find g ∈ G so that H is not in NG(S1)g .
Renumbering if necessary, we assume that S2 = S1g . Because S is nonabelian simple,
we can find a nontrivial character µ ∈ Irr(S) so that µ 
= ϕ. Now the stabilizer T2 in
G of 1 × µ × 1 × · · · × 1 ∈ Irr(L/K) must be contained in NG(S2). It is easy to see
that T1 ∩ T2 is the stabilizer of ϕ × µ × 1 × · · · × 1. By Claim 2, (T1 ∩ T2)/L must
contain a Hall π -subgroup of G/L. Since this would be a Hall π -subgroup of T1/L, we
use the uniqueness of H to deduce that H ⊆ T1 ∩ T2. This leads to a contradiction since
H ⊆ T2 ⊆ NG(S2)= NG(S1)g .
We may now assume for all nontrivial characters ϕ ∈ Irr(S) that the stabilizer T of
ϕ× 1× · · ·× 1 in G has the property that T/L does not contain a unique Hall π -subgroup
of G/L. By Claim 2, G/L ∼= SL2(4). Observe that T/L ∼= A4 is a maximal subgroup
of G/L, and so T = NG(S1). Since n is the number of conjugates of S, it follows that
n= |G : T | = 5. Let ϕ1, ϕ2, and ϕ3 be distinct nontrivial characters of Irr(S). The stabilizer
of ϕ1 × ϕ2 × ϕ3 × 1 × 1 in G is N since it is the intersection of three distinct conjugates
of T . It follows that |G :L| divides a degree in cd(G), which puts all the divisors of |G :L|
in the same component of ∆(G), and thus contradicts Lemma 3.1.
Suppose n= 1, which implies L/K is simple. Let C/K = CG/K(L/K). We know that
C ∩ L =K . Observe that CL is one of L, N , or G. If CL is L or N , then PSL2(q) is a
section in the outer automorphism group of L/K . This is a contradiction since no simple
group has a nonsolvable outer automorphism group. IfG= CL, thenG/K = C/K×L/K ,
but by Lemma 3.1, ∆(G/K) is disconnected. This is also a contradiction since the direct
product of nonabelian groups cannot have a disconnected degree graph. ✷
Claim 4. p ∈ π .
Proof. Suppose that p /∈ π , and recall that p = 2. From Claim 3, we can find K normal in
G so that L/K is an abelian chief factor for G. For the purposes of this claim, it suffices
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that G/L acts via automorphisms on Irr(L). Recall that π ∩ ρ(G/L) is either π(q − 1)
or π(q + 1), so we are in the situation of Lemma 5.3. By Lemma 5.3, there exists a
nonprincipal character λ ∈ Irr(L) so that the stabilizer T of λ in G has the property that
T/L does not contain a Hall π -subgroup of G/L as a normal subgroup. Using Claim 2, we
see thatG/L∼= SL2(4), p0 = 3 so q = 4, and T/L∼=A4. Furthermore, if P/L is the Sylow
2-subgroup of T/L, then λ is fully ramified with respect to P/L by Claim 2. It follows
that L is a 2-group since otherwise λ would extend to P via Corollary 6.27 of [10].
We see that λ has 5 conjugates under the action of G. Since L is irreducible under
the action of G, these conjugates must span Irr(L). It follows that |L|  25. By Claim 2,
we know that every nonprincipal character in Irr(L) must have stabilizer that contains a
Sylow 3-subgroup of G/L. Looking at the subgroups of SL2(4), it follows that 5 must
divide the index of the stabilizer of every nonprincipal character of L. If R is a Sylow
5-subgroup of G, it follows that the action of R on L is a Frobenius action. In particular,
|L| ≡ 1 (mod 5), and it follows that |L| = 16.
Observe that P/kerλ is a nonabelian group of order 8 that admits a nontrivial
automorphism of order 3. It follows that P/kerλ is isomorphic to the quaternion group.
We can find x1, x2 ∈ P so that P = 〈x1, x2,L〉, and L = 〈y,kerλ〉 where y = [x1, x2].
Suppose that [L,T ]< kerλ. We can find another nonprincipal characterµ ∈ Irr(L) that has
stabilizer T in G. Observe that λµ is a nonprincipal T -invariant character inG. SinceL has
no nonprincipal G-invariant characters, T is the stabilizer for λµ also. By Claim 2, µ and
λµ must be fully ramified with respect to P/L. It follows that y cannot be in the kernels
of µ and λµ, which is a contradiction since this would yield λ(y)=−1, µ(y)=−1, and
λ(y)µ(y)= −1. We conclude that [L,T ] = kerλ. In particular, it follows that 1L and λ
are the only characters in Irr(L) that are invariant under the action of T .
Consider a character ν ∈ Irr(L) that is invariant under the action of P . We know from
Claim 2 that the stabilizer of ν in G must contain a Sylow 3-subgroup of G. This implies
that T must be the stabilizer of ν. We deduce that 1L and λ are the only P -invariant
characters in Irr(L). It is easy to see that this implies [L,P ] = kerλ. Since P/L is
abelian, we have P ′ ⊆ L. On the other hand, P ′ contains y and [L,P ], so P ′ contains
〈y, [L,P ]〉 = L. We conclude that P ′ = L.
Since |[L,P ]| = 8, we can find M normal in P so that [L,P ]/M is a chief factor
for P . It follows that [L,P ]/M is central in P/M . Let σ ∈ Irr([L,P ]/M) be a nontrivial
character. We know that P/[L,P ] has a trivial Schur multiplier since P/[L,P ] is
isomorphic to the quaternion group (see [10, Problem 11.18]). Because σ is invariant in P ,
this would imply that σ extends to σˆ ∈ Irr(P ). This is a contradiction as σˆ is now a linear
character of P whose kernel does not contain P ′ = L. This proves the claim. ✷
Since p ∈ π by Claim 4, we see from Claim 2 that the stabilizer in G/L of every
nonprincipal character in Irr(L/L′) must contain a Sylow p-subgroup of G/L as a normal
subgroup. Furthermore, we know that G/L has q + 1 Sylow p-subgroups. This is the
situation of Lemma 5.2. By Lemma 5.2, Irr(L/L′) is elementary abelian of order q2, so
L/L′ is elementary abelian of order q2, G/L∼= SL2(q), and G/L acts transitively on the
nonprincipal characters in Irr(L/L′).
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Proof. Suppose there exists a nonprincipal character ν ∈ Irr(L′), and we work to find
a contradiction. We can find a character µ ∈ Irr(L|ν). Obviously, µ is a nonprincipal
character, so µ does not extend to G. If µ were G-invariant, then the Schur multiplier
of G/L would be nontrivial. This implies q = 4 or q = 9. When q = 9, we have seen
that this leads to all the primes in ρ(G/L) lying in the same component of ∆(G), which
violates Lemma 3.1. When q = 4, we use the Atlas [3] to see that 6µ(1)∈ cd(G). This puts
2 and 3 in the same component of ∆(G), and this was not allowed under our convention
since 2 ∈ π by Claim 4. We deduce that µ is not invariant in G.
Let T be the stabilizer of µ in G. Recall that p ∈ π by Claim 4, so T/L must contain
a Sylow p-subgroup P/L of G/L as a normal subgroup. In particular, we know that
q + 1 divides |G : T |. Consider characters δ ∈ Irr(P |µ) and γ ∈ Irr(T |δ). We know that
|G : T |γ (1) ∈ cd(G). Since p lies in a different component of ∆(G) from π(q + 1), we
see that p does not divide γ (1). On the other hand, δ(1) divides γ (1), so p does not
divide δ(1). But P/L′ is a p-group, and it follows that δL′ = ν. In particular, ν extends to
L, and the stabilizer S of ν in G contains T . If S = G, then G acts on the set Irr(L|ν).
We saw that q + 1 divides the size of every G-orbit in this set, so q + 1 divides | Irr(L|ν)|.
From Gallagher’s theorem, we obtain | Irr(L|ν)| = |L/L′| = q2, and this is a contradiction
since q + 1 does not divide q2.
We have S < G. Thus, S must contain P as a normal subgroup, and q + 1 must
divide |G : S|. As before, we consider characters δ ∈ Irr(P |ν) and σ ∈ Irr(S|δ). We have
|G : S|σ(1) ∈ cd(G). We again see that p does not divide σ(1), so p does not divide δ(1).
We conclude that δL′ = ν. It follows that every character in Irr(P |ν) is an extension of ν.
By Gallagher’s theorem, this implies P/L′ is abelian, but this is a contradiction since P/L
acts nontrivially on L/L′. Therefore, the claim is proved. ✷
We now have shown that L is an elementary abelian p-group of order q2 and that
G/L acts transitively on the nonprincipal characters in Irr(L). If q is odd, we know that
|N :L| = 2. Let Q be a Sylow 2-subgroup of N . We see that NN(Q)=Q. By the Frattini
argument, we have G= NG(Q)N = NG(Q)L. Since NG(Q) ∩ L= 1, NG(Q)∼= SL2(q),
and G is the semidirect product of SL2(q) acting on L. ✷
We now classify those groups G where G is not solvable and ∆(G) has two connected
components.
Theorem 6.3. Let G be a nonsolvable group. Then ∆(G) has two connected components
if and only if there exist normal subgroups N ⊆K so that the following hold:
(1) K/N ∼= PSL2(q), where q  4 is a power of a prime p.
(2) If C/N = CG/N(K/N), then C/N ⊆ Z(G/N) and G/K is abelian.
(3) If q  5, then p does not divide |G :CK|.
(4) If N > 1, then either K ∼= SL2(q) or there is a normal subgroup L of G so that
K/L ∼= SL2(q), L is elementary abelian of order q2, and K/L acts transitively on
the nonprincipal characters in Irr(L).
74 M.L. Lewis, D.L. White / Journal of Algebra 266 (2003) 51–76(5) If p = 2 or q = 5, then either CK <G or N > 1.
(6) If p = 2 and N > 1, then every nonprincipal character in Irr(L) extends to its
stabilizer in G.
Proof. We suppose that ∆(G) has two connected components. We choose K normal in G
to be minimal so that G/K is solvable. Let N be a normal subgroup in G contained in K so
that K/N is a chief factor for G. We know that G/N is not solvable, so by Lemma 3.1, the
graph ∆(G/N) is disconnected. Corollary 3.4 implies (1) and from Lemma 6.1, we know
that C/N ⊆ Z(G/N) and G/K is abelian, so (2) holds. Theorem 2.7 and Remark 2.8
imply (3).
In order to prove (4), it suffices by Theorem 6.2 to show that ∆(K) is not connected.
Suppose G > CK . For q > 5, Theorem 2.7 implies that the components of ∆(G/C) are
{p} and π((q2 − 1)|G :CK|). By Remark 2.8, this is also true in case K/N ∼= PSL2(4)∼=
PSL2(5), if we interpret p and q as 5. If G= CK , then ρ(G/C)= {p}∪π(q2−1). Hence,
in any case, {p}∪π(q2−1) contains a prime from each connected component of∆(G/C).
By Corollary 3.2, the primes in {p} ∪ π(q2 − 1) cannot all lie in the same component
of ∆(G). Since ∆(K) is a subgraph of ∆(G) and ρ(K) contains p and π(q2 − 1), we
conclude that ∆(K) is disconnected.
Assume that p = 2 or q = 5. If G = CK and N = 1, then ∆(G) has three connected
components by Theorem 4.1. Thus, we must have either G>CK or N > 1, and (5) holds.
Continuing in the case where p = 2 and N > 1, consider a nonprincipal character
ν ∈ Irr(N) and let T be its stabilizer in G. We know that K/N acts transitively on the
nonprincipal characters of Irr(N). This implies G= TK and |T : T ∩K| = q2 − 1. Notice
that (T ∩K)/N and N are both 2-groups. Let P be a Sylow 2-subgroup of T , and observe
that T ∩K ⊆ P . Since T/(T ∩K)∼=G/K is abelian, P is normal in T . Consider characters
µ ∈ Irr(P |ν) and δ ∈ Irr(T |µ). We know that |G : T |δ(1) = (q2 − 1)δ(1) ∈ cd(G). This
implies that p does not divide δ(1), and thus, p does not divide µ(1). Therefore, µ(1)= 1
and µN = ν, so ν extends to P . Let Q be a Sylow subgroup of T for an odd prime. By
Corollary 6.28 of [10], ν extends to QN , and then by Corollary 6.26 of [10], ν extends
to T . This proves (6).
We now work on the converse. Suppose G has normal subgroups N and K that satisfy
conditions (1)–(6). If K/N is not PSL2(4)∼= PSL2(5), then q is well-defined, and if N > 1
then q is well-defined by (4). If N = 1 and K ∼= PSL2(4)∼= PSL2(5), we define p = q = 5.
We will prove that p is an isolated vertex of∆(G) and the remaining primes in ρ(G) form a
connected component of ∆(G). If K ∼= PSL2(q) or SL2(q), then take L= 1. Observe that
K has a unique irreducible character ψ with degree divisible by p, the Steinberg character
of K/N . Let P be a Sylow p-subgroup of C, and observe that L⊆ P .
We know PN is normal in G since PN ⊆ C and C/N is central in G/N . We will now
show that the only characters in Irr(PK) whose degrees are divisible by p are extensions
of ψ . Note that |N/L| is 1 or 2, so N/L is central in G/L, PN/L = N/L × P/L, and
P is normal in G. It follows that PK/L= P/L×K/L. Let θ be an irreducible character
of PK . If L lies in the kernel of θ , then p divides θ(1) if and only if θ is an extension of
ψ . Suppose L is not in the kernel of θ and let λ be an irreducible constituent of θL. Let T
be the stabilizer of λ in PK . We have |K : T ∩ K| = q2 − 1. By a Frattini argument,
we have PK = KT , and we obtain |PK : T | = q2 − 1. Observe that T is a Sylow
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T/L= P/L× (T ∩K)/L is abelian.
If p = 2, condition (6) implies that λ extends to T . Since T/L is abelian, we have
only extensions in Irr(T |λ), and cd(PK|λ) = {q2 − 1}. If p 
= 2, then let S be a Sylow
2-subgroup of N . By the Frattini argument, PK = NPK(S)N . We may choose S so that
T ∩ NPK(S) is a Sylow p-subgroup of NPK(S). It is not difficult to show that T is the
semidirect product of NPK(S) ∩ T acting on L, and thus, λ extends to T . Since T/L is
abelian, cd(PK|λ)= {q2 − 1}. For all values of p, we conclude that the only characters in
Irr(PK) that have degrees divisible by p are extensions of ψ .
Observe that ψ × 1P/L is invariant in G. We may use Corollary 8.16 of [10] to see
that ψ × 1P/L extends to G, and thus ψ extends to G. Since G/K is abelian, we use
Gallagher’s theorem to see that Irr(G|ψ) consists only of extensions of ψ . If χ ∈ Irr(G)
and p divides χ(1), then let θ be an irreducible constituent of χPK . By Corollary 11.29
of [10], χ(1)/θ(1) divides |G : PK|. Since p does not divide |G : PK|, it follows that p
divides θ(1), and we conclude that χ is an extension of ψ . This implies p is an isolated
vertex in ∆(G). It follows that∆(G) is disconnected. Since either CK <G or N > 1 when
p = 2 or q = 5, we see that G 
∼= PSL2(2n)×A for any abelian group A. By Theorem 4.1,
∆(G) does not have three connected components, and thus, ∆(G) has two connected
components. ✷
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